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Abstract 
Based on the typical phenomena of pedestrian movement, an extended optimal velocity model is proposed to analyze 
and simulate single-file pedestrian movement at high density by considering the differences of interaction force (i.e., 
attractive force and repulsive force) between pedestrians. A new asymmetric interaction function is introduced to 
depict the complex behaviours of pedestrian movement. The modified Korteweg-de Vries (mKdV) equation near the 
critical point is derived by applying the reductive perturbation method, and its kink-antikink soliton solution can 
better describe the stop-and-go waves of pedestrian flow. The numerical simulations show that the model can really 
reproduce space-time evolution of headway during the pedestrian movement, and the simulation results are consistent 
with the theoretical analysis. 
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1. Introduction 
In recent years, pedestrian flow has attracted considerable attention in the field of physical science and 
engineering [1-3]. On the one hand, the complicated behaviors of pedestrian can result in many 
interesting nonlinear phenomena and collective behaviors, such as jamming and clogging, lane formation 
and oscillations at bottlenecks in counter flow, sudden transitions from laminar to stop-and-go and 
³turbulent flow´ [4].  On the other hand, the study of pedestrian dynamics is an important issue in the 
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management and optimization of pedestrian facilities, especially to play a vital role in ensuring the safety 
and efficiency of pedestrian evacuation. 
The typical pedestrian flow models (e.g., cellular automaton models [5-7] and lattice gas models [8, 9]) 
have already been widely applied to simulate pedestrian evacuation [6, 7], counter channel flow [8], and 
bottleneck flow [9]. However, as for the single-file pedestrian movement at high density, the related 
researches are scarce. To our knowledge, some researchers [10-12] only conducted the experiment of the 
single-file pedestrian movement and found such typical phenomena in dense crowd as velocity fluctuation, 
lateral oscillation, and stop-and-go wave (similar to traffic flow [13, 14]), but few model are established 
to analyze theoretically and simulate numerically the single-file pedestrian movement at high density due 
to the complexity of the rules of motion. Therefore, in order to explore dynamic behaviors in dense crowd 
analytically, it is necessary and meaningful to construct a simple model to mimic special phenomena and 
reproduce qualitative features on the single-file pedestrian movement at high density. 
In this paper, we present an extended optimal velocity model of pedestrian flow by introducing an 
asymmetric interaction function and focus on studying qualitatively the dynamic characteristics of the 
single-file pedestrian movement at high density, especially, stop-and-go phenomenon. And the nonlinear 
analysis is performed to derive the mKdV equation and obtain its kink-antikink solution describing stop-
and-go waves. Finally, numerical simulation is carried out to validate the analytical results. 
2. Model 
An extended optimal velocity model is proposed to take into account asymmetric interaction between 
pedestrians to simulate single-file pedestrian movement at high density. The pedestrian is described by 
the following differential equation: 
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It is one-dimensional form of Nakayama's model [15], where ( )jx t  is the position of the j th pedestrian at 
time t , a is the sensitivity, which represents the reaction strength of the j th pedestrian, 0V is a constant 
denoting the "equilibrium velocity", in which pedestrians neither accelerate nor decelerate (i.e., no 
interaction between pedestrians), 1( ) ( ) ( )j j jx t x t x t'    is the headway between the j th and the 1j  th 
pedestrian at time t , and the function ( )jF x' denotes the interaction between pedestrians and has the 
following properties: 
(1) ( )jF x' increases monotonically with the increase of headway jx'  and has an upper bound. It 
reflects the fact that the strength of the interaction is variable according to the headway jx' .  
(2) When the headway jx'  is short, there is a strong repulsive force between the pedestrians, which 
make the pedestrians decelerate rapidly to avoid collision with the preceding walker. When the headway 
jx'  is larger, the interaction becomes an attractive force, and the walker will gradually accelerate to 
reach the desired velocity.  
Therefore, we choose the following form to describe the effect of asymmetric interaction.  
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where D , E , b  and c are undetermined parameters which should meet the varying tendency of ( )jF x'  
as mentioned above and ensure the same dimension between ( )jF x'  and 0V . Here, it should be noted 
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that | ( ) |jF x'  denotes the magnitude of interaction and the sign of ( )jF x'  only means the direction of 
the interaction forces. i.e., if ( ) 0jF x' ! , the interaction is attractive, while if ( ) 0jF x'  , the interaction 
is repulsive (see Fig. 1). 
Based on the above analysis and realistic mathematical and physical consideration, the reasonable 
parameters are suggested as 1.5D  , 3E  , 1b  , and 0.5c   , and the corresponding curve of function 
( )jF x'  is shown in Fig. 1. 
 
Fig.1. Curves corresponding to function ( )F x' . 
3. Nonlinear analysis 
For convenient analysis and discussion, Eq. (1) can be rewritten as  
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We apply the reductive perturbation method to Eq. (3) and focus on the system behavior near the critical 
point ( , )c cx a' . Here, 
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( 1) ( 1)B bE E E   . With such treatment, the nature of kink-antikink soliton solutions can be described 
by the mKdV equation. We introduce slow scales for space variable j and time variable t, and define the 
slow the variables X and T as 
( )X j btH   and 3T tH , 0 1H  ,                                                 (4) 
where b  is a constant to be determined later. The headway is set as  
( ) ( , )j cx t x R X TH'  '  .                                                                       (5) 
By expanding Eq. (3) to the fifth order of H with the use of Eq. (4) and Eq. (5), one obtains the 
following nonlinear partial differential equation: 
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where ( )
j cj j x x
F dF x d x '  'c  ' ' and
3 3( )
j cj j x x
F d F x d x '  'ccc  ' ' . F c and F ccc correspond to ( )cF xc ' , 
( )cF xccc '  in the above equation and hereafter.  
Near the critical point ( , )c cx a' , let 
2(1 )ca a H  . By taking b F c , the second- and third-order terms 
of H  can be eliminated from Eq. (6) and result in the following equation: 
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where 1 6m F c , 2 6m F ccc  , 3 2m F c , 4 8m F c , 5 12m F ccc .  
In order to derive the standard mKdV equation with higher order correction, we make the following 
transformation in Eq. (7) 
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Then we obtain the standard mKdV equation with ( )O H  correction term 
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Next, suppose that      0 1, , ,R X T R X T R X THc c c c c c   to take into account ( )O H correction in Eq. (9). 
If we ignore the ( )O H terms, it is just the mKdV equation with the kink solution as the desired solution, 
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By considering the solvability condition, we also get the expression of propagation velocity A . 
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which is the same as the one in Ref. [16]. Hence we obtain the kink-antikink solution of headway  
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4. Numerical simulation and results analysis 
To check the theoretical results, we carry out numerical simulation for the extended optimal velocity 
model described by Eq. (1) by using the fourth-order Runge-Kutta method where the time interval is 
taken as 1 20t'  . For convenience, we suppose 1.5a  , 0 max 2 0.75V V  in a dense crowd, and the 
values of other parameters are set as mentioned above. The boundary conditions are selected as periodic 
ones. The initial conditions are chosen as follows: 
(0)(0) 1.25jx x'  '  for 40,41j z , (0) 1.25 0.1jx'   for 40j  , (0) 1.25 0.1jx'    for 41j  ,  
and (0) 0jx    for 1, ,j N " , where the total number of pedestrians is 80N  , and the length of the 
system is 100L  . 
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Fig.2. Space-time evolution of the headway. (a) t=0-2500; (b) t=10000-10200.  
Figure 2 shows the space-time evolution of the headway. The patterns (a) and (b) correspond to t=0-
2500 and t=10000-10200, respectively. From Fig.2, we can see clearly that when small disturbances are 
added to the uniform pedestrian flow, they are amplified and the kink-antikink soliton appears with the 
time evolution (see Fig.2 (a)). As a result, stop-and-go waves propagate backwards and finally the 
uniform flow transforms into an inhomogeneous one (see Fig.2 (b)). The simulation results are in 
agreement with analytical ones.  
 
                                 Fig.3. Headway profile of the stop-and-go waves corresponding to Fig.2. (a) t=1000; (b) t=10100. 
Figure 3 shows headway profile obtained at t=1000and t=10100. We can see clearly that the headways 
have some small fluctuations at t=1000. It reflects a fact that the asymmetric effect can alleviate 
effectively and delay the occurrence of the jam. That is because pedestrians are very smart and flexible, 
and can adjust their behaviours and distances quickly so as to avoid colliding with others and preventing 
jams. Therefore, in the early movement process, the distances between pedestrians have some small 
fluctuations, and with the time evolution, the jam occurs finally. Through the above theoretical analysis 
and discussion, it can be concluded that the present model is reasonable and realistic to simulate and 
analyse single-file pedestrian flow. 
5. Conclusions 
How to quantitatively and exactly describe the walking behaviors at high density is one of the 
challenges for the modeling of pedestrian dynamics. Our aim is to have a deeper insight into the 
occurrence and evolution mechanism of stop-and-go waves on single-file pedestrian dynamics. To do so, 
we have proposed an extended optimal velocity model for quantifying the pedestrian movement process 
and introduced a new interaction function considering the asymmetric effect. By applying the reductive 
perturbation method, the mKdV equation has been derived to describe stop-and-go waves. The simulation 
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results are consistent with the theoretical analysis as well as reproduce the real pedestrian movement 
process better. We hope that our modeling idea and method can be extended to complex two-dimensional 
situation, and further the related research will be discussed in detail elsewhere. 
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